On the symbolic topology of an ideal  by Verma, Jugal Kishore
JOURNAL OF ALGEBRA 112,416-429 (1988) 
On the Symbolic Topology of an Ideal 
JLJGAL KISHORE VERMA* 
Department of Mathematics, 
Purdue University, West Lafayette, Indiana 47907 
Communicated by Melvin Hochster 
Received January 31, 1986 
For an ideal I in a Noetherian ring, it is proved that the I-adic and the Z-sym- 
bolic topologies are equivalent if and only if the only essential prime divisors of I 
are its minimal associated primes. We investigate rings where these two topologies 
are linearly equivalent for all ideals. Locally unmixed rings are characterized as 
those Noetherian rings in which these two topologies are equivalent for every ideal 
of the principal class. An example is given to show that two results given by 
0. Zariski and P. Samuel (“Commutative Algebra,” Vol. II, p. 274, Van Nostrand, 
Princeton, NJ. 1960) in this area are not true as stated. c> 1988 Academic Press, Inc. 
1. INTRODUCTION 
Let R denote a commutative Noetherian ring, and Z an ideal of R. The 
nth symbolic power of Z, denoted by I(“‘, is defined to be the intersection of 
the primary components of Z” corresponding to the minimal associated 
primes of I. This definition is inspired by the one given in [ZSI, p. 2331. 
The powers (resp. symbolic powers) of Z induce a topology on R called the 
I-adic (resp. Z-symbolic) topology. These two topologies are said to be 
equivalent if for every natural number n, there is a natural number m such 
that Y contains I(“). An ideal whose adic and symbolic topologies are 
equivalent will be called a c-ideal. In [Z, Lemma 3, p. 331 Zariski proved 
that if P is a prime ideal of a Noctherian domain which is analytically 
irreducible at all prime ideals containing Z’, then P is a r-ideal. This is 
probably the earliest result on t-ideals in the literature. Later, Hartshorne 
proved that a dimension one prime ideal P of a complete local ring R is a 
t-ideal if and only if P contains all the associated primes of R [H, 
Proposition (7.1)]. In this paper he wrote: “A general question, whose 
solution is quite complicated, is to determine when the P-adic topology is 
equivalent to the P-symbolic topology.” Recently Schenzel gave a solution 
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to this problem in [S, Theorem 11. He proved that P is a t-ideal if and 
only if for all Q E: A(P)\(P) and for all z E Ass(Ro)*, height 
(P(RQ)* +z/z)<dim(Ro)*/z. Here A(P) denotes the stable value of 
Ass(R/P”) for large n and (R,)* denotes the completion of R, in the 
QRo-adic topology. It is easily seen that the results of Zariski and 
Hartshorne are particular cases of Schenzel’s theorem. 
More recently, McAdam and Ratliff gave a very elegant proof of Schen- 
zel’s theorem in [MRl]. The starting point of our paper is a generalization 
of Schenzel’s theorem to arbitrary ideals. One of the reasons to extend the 
notion of t-ideals to arbitrary ideals is to obtain a characterization of 
locally unmixed Noetherian rings which is analogous to the classical 
unmixedness criterion for Cohen-Macaulay rings. This criterion can be 
rephrased in terms of symbolic powers in the following way: A Noetherian 
ring R is Cohen-Macaulay if and only if for every ideal Z of the principal 
class of R, I” = Zen) for all n. We will prove that R is locally unmixed if and 
only if every ideal of the principal class of R is a t-ideal. 
In Section 2, we collect various definitions and known results to be used 
later. In Section 3, we obtain two characterizations of t-ideals and derive 
several consequences of them. Many of our results for arbitrary ideals are 
motivated by the corresponding results for prime ideals already available in 
the literature. 
In Section 4, we initiate a study of rings in which all ideals of a particular 
type are s-ideals or r-ideals. An ideal Z is called an s-ideal if the I-adic and 
the Z-symbolic topologies are linearly equivalent, i.e., there is a nonnegative 
integer k such that I’” +k) c I” for all natural numbers n. Prime s-ideals 
were first studied in [S]. Primary s-ideals were studied in [R] and 
arbitrary s-ideals were studied in [R 11, [S 11 and [V]. 
In Section 5, we construct an example to show that two results in [ZSII, 
pp. 2742751 concerning the comparison of symbolic and adic topologies 
of prime ideals are not true as stated. Finally, we raise some questions in 
Section 6. 
2. DEFINITIONS AND KNOWN RESULTS 
By a ring we mean a commutative Noetherian ring with identity. By 
(R, nil) we mean a local ring with its unique maximal ideal M. The com- 
pletion of (R, M) with respect to the M-adic topology is denoted by 
(R*, M*). The set of positive integers is denoted by N. By “c” we mean 
inclusion and by “ < ” we mean proper inclusion. In the following, let R be 
a ring and Z an ideal of R. 
(2.1) An element x E R is called integral over Z if it satisfies an equation 
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of the form xn + alxn ’ + ... +a,=O, where ~EFV and ai~Zi for 
i = 1, 2, . . . . n. The set of elements of R which are integral over I is an ideal 
[N, Exercise 3, p. 341. This ideal is called the integral closure of I and is 
denoted by I,. 
(2.2) If (R, M) is a local ring, then a(Z), the analytic spread of Z, is 
delined to be the dimension of the graded ring @ ,“= 0 Z”/Z”M. The concept 
of analytic spread of an ideal was introduced by Northcott and Rees in 
their paper [NR]. We have h(Z) d a(Z) < dim R ([NR, Lemma 41 and 
[Bu, Lemma 41). Here h(2) denotes height of the ideal I. 
(2.3) Brodmann [B] proved that the sets Ass(R/Z”) stabilize for large n. 
Ratliff [R2] proved that the sets Ass(R/(P),) stabilize for large n. The 
reader may find these and other related results in [M] which is an 
excellent reference in this area. Following Schenzel’s notations in [Sl 1, we 
denote the stable values of Ass(R/Z”) and Ass(R/(Z”),) by A(Z) and A,(Z), 
respectively. 
(2.4) Let P be a prime ideal containing I. It follows from a theorem of 
Burch [Bu] that if h(P) =u(Z,) then PEA,(Z). McAdam proved in [Ml] 
that the converse holds if R, is quasi-unmixed. Proofs of these can be 
found in [M, Chap. 41. Recall that a local ring R is called quasiunmixed 
(resp. unmixed) if dim(R*/z) = dim R for every minimal associated prime 
(resp. associated prime) z of R*. 
(2.5) We will denote the set of prime ideals containing Z by V(Z) and 
the set of minimal associated prime ideals of I by M(Z). The ideal Z will be 
called a set theoretic complete intersection if it is the radical of an ideal 
generated by h(Z) elements. 
(2.6) We shall use the following theorem of Cowsik and Nori [CN, 
Theorem] several times: Let (R, M) be a Cohen-Macaulay local ring. Let Z 
be a radical ideal of R such that R, is regular for every associated prime p 
of I. Then u(Z) = h(Z) if and only if Z is a complete intersection. 
(2.7) An essential prime divisor of Z is, by definition, a prime ideal P 
containing Z such that for some ZE Ass(R,)*, Z(R,)* +z is P(R,)*- 
primary. The set of all essential prime divisors of Z is denoted by E(Z). 
These prime divisors were introduced and studied in [MR2] . We list some 
basic properties of essential prime divisors. The reader is referred to 
[MR2] for their proofs. 
(a) If J is an ideal in R having the same radical as Z, then 
E(Z) = E(J). 
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(b) E(Z)cA(Z), hence E(Z) is a finite set. 
(c) E((0)) = Ass R. 
(d) If P is a minimal prime ideal over Z+ z for some z E Ass R, then 
P E E(Z). 
(e) If S is a multiplicatively closed set in R with P n S= 0, then 
P E E(Z) if and only if PR, E E(ZR,). 
(2.8) The set U(Z) of u-essential prime divisors is defined to be the set 
{Pn R I PE E(t ‘R[Zt, t--l])}, where t is an indeterminate over R. 
U-essential prime divisors were introduced by Katz in [K] and later 
studied in [KR]. We will use the following basic properties of them. For 
proofs the reader is referred to [KR]. 
(a) U((0)) = Ass R. 
(b) E(Z) u 4,(Z) c U(Z) c A(Z). 
(c) If S is a multiplicatively closed set in R with P n S = 0, then 
P E U(Z) if and only if P, E U(Z,). 
(d) P E U(Z) if and only if there is a z E Ass R such that z c P and 
P/z E u (I+ z/z). 
(e) If R is locally unmixed, then U(Z)=A,(Z). 
3. CHARACTERIZATION OF ~-IDEALS 
In this section we obtain two characterizations of t-ideals. The crucial 
result for these characterizations is Lemma 3.1. This was first proved in 
[ MR 1 ] for the case of prime ideals. A more general set-up is considered in 
[M2, Theorem 1.21. A proof of Lemma 3.1 can easily be constructed by 
using the ideas of the above two references. 
LEMMA 3.1. Consider the following statements for a prime ideal 
Q E W)\WO 
(4 Q E E(Z). 
(b) For some k E N, Zcm’ ti Qck’ for all m E N. 
(c) There is a prime ideal P c Q such that PE E(Z)\M(Z). 
Then (a) * (b) * (c). 
Theorem 3.2 yields a very useful criterion for an ideal to be a t-ideal. 
This has been proved in [S 1 ] and [ M2] under very general conditions. 
THEOREM 3.2. Z is a t-ideal if and only if E(Z) = M(Z). 
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Proof: Suppose that E(Z) = M(Z). Let Zk = Zck’ n I, n .. . n Z,s be a 
primary decomposition of Zk, where Zi is Q-primary for i = 1, 2, . . . . s and 
the Q;s are the nonminimal associated primes of Zk. For each i, there is an 
riE N such that Q; c Ii. Since Z, is Qi-primary, Qiri)c Ii. By Lemma 3.1 
there is an rzi~ h such that 
I(“,) c Q(Q) c 1, for i= 1, 2, . . . . s. 
Let n = sup(n,, . . . . n,, k). Then Z (n) c Zk and therefore Z is a t-ideal. 
Conversely suppose that Z is a t-ideal. Then for any k E PV, there is an 
n E N such that, I’“’ c Zk. If Q E V(Z), I’“’ c Zk c Q” c Qck! If Q E E(Z)\M(Z) 
then for some k E N, there is no n E N such that I@) c Qck), by Lemma 3.1. 
Therefore E(Z) = M(Z). 
THEOREM 3.3. Z is a t-ideal if and only if for every radical ideal J of R 
which contains Z, and for any k E N, there is an n E N such that I’“’ c JCk). 
Proof: Let J= P, n ... n P, be an irredundant primary decomposition 
of J, where P,, . . . . P, are the minimal prime ideals over J. Let P,, . . . . P, be 
minimal over Z and P,, , , . . . . P, be nonminimal over Z. For any k E b;, 
Z(k) c p$k) n . . . n Pp). Let Z be a t-ideal. For each P,, j= m + 1, . . . . t, and 
for any kE N, there is an n,E N such that, Z’“J’ c 4”) by Lemma 3.1. If 
n = sup{k, n,, 1 ,..., n,}, then I(“’ c nJ.=, Pjk) = JCk). 
The converse is immediate from Lemma 3.1. 
LEMMA 3.4. Zf R is a regular ring and J is a proper ideal of R containing 
Z, then for any nE N, Z(“)c (,/$“‘. 
ProoJ Without loss of generality we may assume that J is a radical 
ideal. Let Z=A,n . . . nA,n ... n A, be an irredundant primary decom- 
position of Z, where A,, . . . . A, are the primary components of Z 
corresponding to its minimal associated primes P,, . . . . P, and A, + I, . . . . A,7 
corresponding to its nonminimal associated primes P,, 1, . . . . P,. Let 
J=Q, n ... n Q, be the irredundant primary decomposition of J. For any 
i, 1 < i < t, there is a j(i), 1 <j(i) < s, such that AjCi) c Qi, If r + 1 <j(i) Q s 
then for some k(i), 1 <k(i) < r, PkCiI t PjCiI c Q;. Hence, we may assume 
that for each i= 1,2, . . . . t, there is a k(i), 1 <k(i) < r, such that AkCiI c Qi. If 
we see that for every n E N, P&i’, c Qjfl) for each i = 1,2, . . . . t, then 
Thus it is enough to see that if PC Q are prime ideals of a regular ring then 
for any n, PC”) c Q (n). This follows from [N, (38.3)]. 
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Remark. The preceeding two results show that ideals in regular rings 
are t-ideals in a very special way, that is, the n in Theorem 3.3 can be 
chosen to be k. We record this as a theorem. Later we will prove a more 
general result (Proposition 4.7). 
THEOREM 3.5. Every ideal of a regular ring is a t-ideal. 
We now prove several consequences of Theorem 3.2. 
PROPOSITION 3.6. If Z und J are two t-ideals of R such that M(Z) u 
M(J) = M( ZJ), then ZJ and Z n J are t-ideals. 
Proof. Since ZJ and In J have same radical, it is enough to prove that 
ZJ is a t-ideal by (2.7). If PE E(ZJ), then there is a ZE Ass(R,)* such that 
ZJ(R,)* + z is P(R,)*-primary. Without loss of generality we may assume 
that P contains I. Then Z(R,)* + z is also P(R,)*-primary. Since Z is a 
t-ideal, P E E(Z) = M(Z). But M(Z) u M(J) = M(ZJ), hence P E M(ZJ). Thus 
IJ is a t-ideal. 
PROPOSITION 3.7. Zf all the minimal prime ideals over Z are t-ideals, then 
I is a t-ideal. 
Proof: Since E(Z)= E($) by (2.7), we may assume that 
I= P, n ... n P,, where P,, . . . . P, are the minimal associated primes of I. 
The result follows by repeated applications of Proposition (3.6). 
The next two propositions show the relationship of set theoretic com- 
plete intersections with s-ideals and t-ideals. 
PROPOSITION 3.8. Let K[X, , . . . . X,,] = R be a polynomial ring over a 
field K. Let I be a radical s-ideal of R such that dim(R/P) = 1 for every 
P E Ass(R/Z). Then I is a set theoretic complete intersection. 
Proof. By [V, Corollary (3.2)], A,(Z) = M(Z). If M is a maximal ideal 
of R containing Z, then by the Burch-McAdam theorem (2.4) and (2.2), 
a(Z,) = h(Z,). By Cowsik and Nori’s theorem (2.6), I, is a complete inter- 
section. Now we apply Mohan Kumar’s theorem [Ku, Corollary S] to 
obtain the result. 
Remark. Even in R = K[X, Y, Z] there are set theoretic complete inter- 
section prime ideals that are not s-ideals. For example, let P be the kernel 
of the map X+ T3, Y+ 74, Z + T5 from K[X, Y, Z] to K[ T], where T is 
a variable. Then P is a set theoretic complete intersection minimally 
generated by the maximal minors of the matrix 
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by [Kz, p. 1371. Moreover, if M= (X, Y, Z) R then P, is also minimally 
generated by the maximal minors of A. If a(P,))=2, then by (2.6), P, 
requires two generators. This is a contradiction. Hence a(PM) = h(M) and 
consequently by (2.4) and [R, Theorem (2.6)] P is not an s-ideal. 
PROPOSITION 3.9. If R is locally unmixed und I is a set theoretic complete 
intersection, then I is a t-ideal. 
Proof: Let J be an ideal of the principal class such that I= $. By 
(2.7) and (2.8), E(I) = E(J)cA,(J). By (2.4), A,(J) = M(J) and con- 
sequently E(Z) = M(Z). Therefore I is a t-ideal. 
The next proposition extends a result of Hartshorne [H, Proposition 
(7.1)]. We obtain this as a consequence of Theorem 3.2. 
PROPOSITION 3.10. Let P he a prime ideal of a local ring (R, M) with 
dim(R/P) = 1. Then P is a t-ideal ifund only gevery associated prime of R* 
is contained in a prime P* of R* with P* n R = P. 
Proof: Suppose P is a t-ideal and z E Ass R*. Since E(P) = {P}, M is 
not minimal over PR* + z. Let P* be a minimal prime over PR* + z. Since 
dim(R/P) = 1, P* n R = P. 
Conversely, suppose that ME E(P). Let z E Ass(R*) such that M* is 
minimal over PR* + z. Since dim(R*/PR*) = 1, z is not contained in any 
prime P* of R* such that P* n R= P. This is a contradiction. Thus 
E(P) = {P} and consequently P is a t-ideal. 
The final result of this section extends a result of Zariski [Z, Lemma 3, 
p. 331. 
PROPOSITIOX 3.11. If the zero ideal of (R,)* is primary for every 
PEA(Z), then I is a t-ideal. 
ProoJ: Let PE E(I)\M(Z). Let Q be a minimal prime ideal of I con- 
tained in P. By (2.7) E(I) c A(Z), hence the zero ideal of (Rr)* is primary. 
Therefore Z(R,)* + z is P(R,)*-primary, where {z} = Ass(R,)*. Let Q* be 
a minimal prime over Q(Rr)*. Then RR,)* + z c Q*. Since Q* n R, = 
QRr < PR,, Z(R,)* + Z is not P(R,)*-primary which is a contradiction. 
Thus E(I) = M(Z) and Z is a t-ideal. 
Remark. The converse of the above proposition is not true. For exam- 
ple, let k be a field and X and Y two indeterminates over k. Let 
A=k[X, Y], M=(X, Y)A, Z=(Y’-Xz+Y3)AMand R=A,/L Then R 
is a one-dimensional ocal domain, so every ideal of R is a t-ideal by 
Proposition 3.7 but R* has two associated primes. 
It would be interesting to have a characterization of Noetherian rings in 
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which all ideals are t-ideals. Let us call them as T-rings. By Proposition 3.7, 
a ring R is a T-ring if and only if all prime ideals of R are t-ideals. Since 
essential prime divisors localize well, R is a T-ring if and only if R, is a 
T-ring for every maximal ideal A4 of R. It follows from Proposition 3.11 
that an analytically normal domain R is a T-ring since R is locally 
analytically normal by [Ma; (33.1) (21.E)]. 
4. RINGS wrrrt SPECIAL CLASSES OF S-IDEALS AND ~-IDEALS 
In this section we initiate a study of rings in which all ideals in a given 
class C are s-ideals or t-ideals. We consider the cases when C consists of all 
ideals, all prime ideals, all ideals of the principal class, and all prime ideals 
of dimension one. 
The term “primary ring” has been used in [ZSI, p. 2041 for rings with 
only one prime ideal. We shall use this term more generally. A local ring 
will be called primary if its zero ideal is primary. It will be called 
analytically primary if its completion is primary. A ring R will be called 
locally (analytically) primary, if for every prime ideal P of R, Rp((Rp)*) is 
primary. 
THEOREM 4.1. Every ideal of a ring R is an s-ideal if and only if R is a 
locally primary ring, and dim R < 1. 
Proof: Suppose that R is a locally primary ring and dim R < 1. By the 
characterization of s-ideals in [V, Theorem (3.1)] and by (2.8), it is 
enough to prove that for every maximal ideal M of R, U(J) = M(J) for all 
ideals J of R,W. So, we may assume that (R, M) is a primary local ring of 
dimension 6 1. If dim R = 0, there is nothing to prove. Suppose dim R = 1. 
If J contains a regular element, then J is M-primary, hence U(J) = M(J). If 
J consists of only zero divisors, JC z, where Ass R = {z}. If ME U(J), then 
by (2.8), M/z E U(J + z/z) and consequently ME Ass R. This is a contradic- 
tion since R is a one dimensional primary ring. Hence U(J) = (z}, con- 
sequently J is an s-ideal. 
Conversely suppose that dim R > 1 and let c E R with c not in any 
minimal prime of R. Then M eA,(cM)\M(cM) by [M, (3.26)]. Thus CM 
is not an s-ideal by [V, Theorem (3.1)] and (2.8). Hence, dim R < 1. 
Now we prove that R is a primary ring. For this we need a lemma. 
LEMMA 4.2. Let (R, M) he a local ring with dim R > 1. Zf R is nut a 
primary ring, then there is an ideal I of R such that ME E(Z)\ M(I). 
Proof: Let z, and z2 be two distinct associated primes of R. We may 
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assume that zi is minimal. Clearly, n = dim(R/z, + z2) < dim R. If n = 0, 
then zi +z, is M-primary. Hence by (2.7), MeE(z,)\M(zi). If n >O, we 
can pick a,, . . . . a, E R such that their images in R/z, + z2 form a system of 
parameters. Let .Z= (a,,..., a,) R. Then J+ z, +z, is M-primary. If J+zl is 
M-primary, then MeE(.Z)\M(J). If J+z, is not M-primary, then 
ME E(.z+ z,)\M(.z+ z,). 
To finish the proof, if dim R = 0, then we are done. Suppose dim R > 0, if 
R is not a primary ring, by the Lemma 4.2, there exists an ideal I of R such 
that ME E(Z)\M(Z) which means that I is not even a t-ideal. Thus, R is 
locally primary. 
THEOREM 4.3. The following are equivalent for u ring R. 
(a) R is locally unmixed. 
(b) All ideals of the principal class are s-ideals. 
(c) All ideals of the principal class are t-ideuls. 
Proof: If R is locally unmixed, then all ideals of the principal class arc 
s-ideals by [V, Theorem (7.6)], in particular they are t-ideals. Now sup- 
pose that all ideals of the principal class of R are t-ideals. Then by [IV, 
Lemma (5.1)] and (2.7), for every prime ideal Q of R, all ideals of the prin- 
cipal class of R, are t-ideals. Therefore, we may assume that (R, M) is a 
local ring. If M* consists of only zero divisors, then ME Ass R = E((0)) by 
(2.7). But the zero ideal of R is an ideal of the principal class, hence (R, M) 
is a zero-dimensional ring, hence unmixed. Now, we may assume that M* 
contains regular elements. Suppose that (R, M) is not unmixed. Let 
z* EASS R* such that dim R*/z* = n <dim R. Since M* contains regular 
elements, n B 1. By [V, Proof of Theorem 5.21 there is an ideal Z of R of 
the principal class of height n such that ZR* + z* is M*-primary. Hence 
ME E(Z)\M(Z) and consequently Z is not a t-ideal. This is a contradiction. 
Thus R is unmixed. 
THEOREM 4.4. Let (R, M) he a locul ring of positive dimension. Zf every 
prime ideal P such that dim(R/P) = 1 is a t-ideal, then R is a primary 
unmixed ring. 
Proof: If M* consists of only zero divisors, then M* E Ass R* and 
hence ME Ass R = E((0)) by (2.7). This means ME E(Z) for every ideal Z of 
R. This is a contradiction. Hence, M* contains regular elements. If R is not 
unmixed, as in the proof of Theorem (4.3), there is a z* E Ass(R*) and an 
ideal Z of R of the principal class of height n such that 0 <n = 
dim( R*/z*) < dim R and M E E(Z). Since h(Z) < dim R, there is a prime ideal 
P of R such that Zc P and dim( R/P) = 1. This means that M E E(P)\ {P}, 
This is a contradiction. Hence R is unmixed. 
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If R is not primary, by Lemma 4.2, there is an ideal Z such that 
ME E(Z)\M(Z). Since Z is not M-primary, there is a prime ideal P of R 
such that Zc P and dim(R/P) = 1. Thus ME E(P)\ (P}. This is a con- 
tradiction. Therefore R is a primary ring. 
Remark. In the above theorem, the fact that every prime ideal P of R 
such that dim(R/P) = 1 is a t-ideal need not imply that all prime ideals of R 
are t-ideals. For example, consider the local domain R of the example given 
in Section 5. 
PROPOSITION 4.5. Let (R, M) he a two-dimensional normal local domain. 
Then all prime ideals of R are s-ideals if and only if R is a UFD. 
Proof: If R is a UFD, then all height one prime ideals of R are prin- 
cipal. Since dim R = 2 and R is normal, it is Cohen-Macaulay. Therefore 
PC”) = P” for all height one primes P of R. Consequently all prime ideals of 
R are s-ideals. 
Conversely suppose that every prime ideal of R is an s-ideal. If P is a 
prime ideal of height one, a(P) = 1 by the Burch-McAdam theorem (2.4). 
Now we can use either (2.6) or [M, Lemma 4.51 to see that P is principal. 
Therefore, R is a UFD. 
The next result shows that the preceding proposition is no longer true in 
dimension 3. 
PROPOSITION 4.6. Let (R, M) be a 3-dimensional regular local ring con- 
taining a co-efficient field. Then R contains infinitely many height two prime 
ideals which are not s-ideals. 
Proof By [Sa, p. 621, there are infinitely many height two primes 
which require more than two generators. If P is such a prime ideal, then we 
claim that a(P) = 3. Since h(P) = 2 Q a(P) < dim R = 3, a(P) # 3 means 
a(P) = h(P) = 2. By (2.6), P is a complete intersection. This is a contradic- 
tion. Therefore a(P) = 3 and consequently ME A,(P) by the Burch- 
McAdam theorem (2.4). Hence, by [R, Theorem (2.6)], P is not an s-ideal. 
PROPOSITION 4.7. Zf a ring R is locally analytically primary, then every 
ideal of R is a t-ideal. 
Proof. This is clear from Proposition 3.11. 
Remark. The above proposition extends [Z, Theorem 7, p. 341. 
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5. ON Two RESULTS OF ZARISKI AND SAMUEL 
In this section, we construct an example to show that the following two 
corollaries in [ZSII, pp. 274-2751 are not true as stated. 
COROLLARY 4. Let R be a Noetherian domain, P and Q two prime ideals 
in R such that Q c P. If the PC”‘-completion of R has no zero divisors, then 
the Q(*’ -topology is stronger than its PC”’ -topology. Furthermore, iffor each 
prime ideal M containing P it is true that the MC”‘-completion of R has no 
zero divisors, then the QCn’ -topolog.v of R is stronger than its P-topolog?). 
COROLLARY 5. Let R be a Noetherian domain, P a prime ideal in R such 
that for every prime ideal M > P, the MC”‘- completion of R is a domain. Then 
the PC”‘-topology of R coincides with its P”-topology. 
G. Lyubeznik first pointed out that the proof of Corollary 4 is not 
correct. Later, the following type of example arose during our conver- 
sations with Professors Heinzer and Huneke. 
Let K be a field of characteristic # 2 and X, Y, Z be three variables over 
K. Let 
A = K[ [X2, Y2, (X’- Y’) X, (X2 - Y2) Y, (X2 - Y2) XY]]. 
Then A is a two-dimensional complete local domain whose derived normal 
ring is A’ = K[ [X, Y]]. Let R = A [ [Z]]. Then the derived normal ring of 
R is A’[[Z]] = R’. Let 
ql=(X- Y)A’, q2 = (X+ Y) A’, q=q,nA=q,nA 
PI= (q, 9 Z) R’, f’2 = (q2, Z) R’, P= (4, Z) R 
Q’= (X- Y+Z) R’, Q=Q’nR. 
Then Q’ is the only prime ideal of R’ lying over Q, since R, = R;.. Also, 
Q’ c P, but Q’ 6 P,. We claim that Q, P, R serve as a counterexample. 
It follows from Chevalley’s theorem [N, (30.1)] and the proof of [ZSII, 
Theorem 14, p. 2751 that R is a complete local domain with respect o the 
symbolic topology of any prime ideal of R. Thus R satisfies all the 
hypotheses of the above corollaries. 
Since R, = Rh,, (Q’)’ R,. n R = Q(.“. Let b = X2 - Y2. Then b is a con- 
ductor element. Thus, b(Q’)” cRn(Q’).’ RpC=Q(“. Also, hi P:\P:. We 
claim that PC” contains no symbolic power of Q. For this purpose we may 
localize at P. Suppose that for some s, Q(,‘) c P2, then b(Q’)” c P:. Since 
b $ P:, Q’ c P2. This a contradiction. 
As for the second statement in Corollary 4, P’ does not contain any sym- 
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bolic power of Q. Hence, the Q’“‘-topology is not stronger than the P-adic 
topology. By using Theorem 3.3, we see that the Q-adic topology does not 
coincide with the Q-symbolic topology. Hence, Corollary 5 is not correct as 
stated. 
Correct statements are obtained by replacing “P”“-completion of R” by 
“(Rp)*" and “M’“‘-completion of R" by “(R,)*" in the statements of these 
two corollaries. These follow from [ZSII, Corollary 3, p. 2741 and 
Proposition (3.10). 
6. CONCLUDING REMARKS 
Many of our results show that the linear equivalence of the adic and the 
symbolic topologies is much stronger than their equivalence. For example, 
all ideals of regular rings are r-ideals but there are infinitely many ideals 
which are not s-ideals in any local ring of dimension > 1. Proposition 4.5 
shows that among two-dimensional normal local domains, UFDs are the 
only local domains in which all prime ideals are s-ideals. 
Let us call a ring R an S-ring if all the prime ideals of R are s-ideals. 
Unlike the situation for T-rings, in an S-ring, it need not be the case that 
all ideals are s-ideals (Theorem 4.1). By (2.8) and the characterization of 
primary s-ideals in [R, Theorem (2.6)], it follows that R is an S-ring if and 
only if R,/z is an S-ring for each prime ideal P of R and for each 
z E Ass(R,). Therefore, it is enough to consider local S-domains. By 
Proposition 4.6 a three-dimensional regular local ring containing a coef- 
ficient field is not an S-domain. This motivates the following question: 
Question 6.1. Does every unmixed local domain of dimension d>, 3 
have a prime ideal P such that dim(R/P) = 1 and u(P) = cl? 
There do exist two-dimensional nonnormal local domains in which every 
height one prime has anal 
R=Q[[X Y&K / 
tic spread one. Consider, for example, the ring 
2Yll. The integral closure of R is 
R' = O(d)[ [X, Y]]. Hence the conductor from R' to R is (X, Y) R'. This 
implies that PR' is principal for every height one prime P of R. Hence 
every height one prime of R has analytic spread one by [M, (4.5)]. 
In the original version of this paper we asked whether a two-dimensional 
N - 1 [Ma, p. 23 1 ] Cohen-Macaulay local domain containing a nonprin- 
cipal height one prime has infinitely many of them. M. Hochster and C. 
Huneke suggested the example R = Q[ [X, ,,hX, Y 
J’ 
1, where X, Y are 
variables. Every height one prime of R except (X, 2X) is principal. R is 
also an example of a two-dimensional nonnormal Cohen-Macaulay local 
S-domain which answers the above question in the negative for two-dimen- 
sional local domains. To see that R is an S-domain, consider the conductor 
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C from R’= Q(&)[ [X, Y]] to R. Since R is Cohen-Macaulay, C is an 
unmixed height one ideal of R and R’. Hence C = XR’. Every nonunit o of 
R’ can be written as w = a + bYd, where a E XR’, d > 1 and b is a unit in 
Q(,,‘$[[ Y]]. Thus oh ‘E R. Therefore every element of R’ has an 
associate in R. This property forces that a(P) = 1 for all height one prime P 
of R. This example motivates the following questions: 
Question 6.2. Let R be a two-dimensional N- 1 Cohen-Macaulay 
local S-domain with integral closure R’. Is the conductor from R’ to R a 
prime ideal of R’? 
Question 6.3. Let R be as in Question 6.2. Is it true that, for every 
o E R’, there is a unit u E R’ such that wu E R? 
Question 6.4. Does there exist a local domain R such that dim R = 2 
and the set {p E Spec R 1 a(p) = 2, h(P) = 1 } is finite and nonempty? 
We can prove that if (R, m) is a nonnormal two-dimensional N- 1 local 
domain with finitely many height one primes of analytic spread two, then 
R’ is a UFD. Moreover, if R is quasi unmixed, then R’ is a local UFD with 
maximal ideal mR’ and R’/mR’ is a proper extension of R/m. The details 
will appear in [Vl]. 
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